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ABSTRACT 

Let us consider the equation A
α 

u = f, 0 < α < 1, where A is a symmetric positive definite 

operator corresponding to a second order elliptic boundary value problem in a bounded domain 

Ω in R
d
. We assume that the non-local fractional diffusion operator A

α
 is defined though the 

spectral decomposition of A. The current advances in numerical methods for such spectral 

spatial-fractional diffusion problems have been studied in [2]. Basically, the following three 

equivalent representations of the solution are used in developing such numerical methods: (i) 

Dunford-Taylor integral formula (or its equivalent); (ii) extension to a second order elliptic 

problem in Ω×(0,∞)  or to a pseudo-parabolic equation in the cylinder (x, t) ∈ Ω×(0, 1); (iii) best 

uniform rational approximation (BURA) of z
α
 on [0,1]. Though substantially different, each of 

these methods can be interpreted as rational approximation of A
−α

. In this sense, there are 

certain advantages of the approach (iii). The first part of the talk contains theoretical analysis of 

the BURA method that includes in particular the exponential convergence rate with respect to 

the degree of rational approximation. The error estimate is independent of the spectral condition 

number of the related discrete operator, see [3]. The BURA algorithm has computational 

complexity O(N log N). The presented numerical experiments include representative model 

problems illustrating the theoretical estimates as well as a truly large-scale problem in realistic 

3D geometry and unstructured FEM mesh for a pure Neumann fractional diffusion equation [1]. 

Some challenges beyond the scalar elliptic case are considered in the last part of the talk. The 

discussions include the operator splitting schemes for systems of time dependent fractional-in-

space diffusion-reaction equations. 
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